X-Ray Dynamical Diffraction Process Inside a Distorted Crystal
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It is shown that the dynamical diffraction process inside a distorted crystal consists of ordinary
dynamical progression inside perfect portions of the crystal and scattering at distortions. The
scattered waves proceed as in the perfect crystal and can be multiply scattered. The sum of the
primary wave induced at the entrance surface and the waves scattered at distorted parts inside
the “inverted Borrmann triangle” gives the resultant wave field at the exit surface.

Introduetion

The dynamical diffraction process inside a dis-
torted as well as a perfect crystal can be described
by a set of partial differential equations developed
by the present author [1], [2]. Several methods for
solving these equations have been developed [2] to
[7]. For distorted crystals, the direct numerical in-
tegration may be the most convenient one and has
been widely used to simulate the contrast of X-ray
diffraction topographs of various kinds of defects
inside a nearly perfect crystal. In this method one
has only to introduce the strain distribution inside
the crystal and the boundary conditions comprising
the condition of incidence and one gets the simula-
tion of the image, but one cannot get any informa-
tion about what is happening inside the crystal. The
crystal is a kind of black box.

A perturbation approach, i.e. the solution by
successive approximation to the equivalent integral
equations has been developed. [8], [9]. This method
provides an explanation of the diffraction process
by the scattering at defects and the ordinary dynami-
cal progression inside perfect portions of the crystal.
A brief decription of this method will be given here.

Theoretical Development

Incident X-rays of the wave number K fall upon
a nearly perfect crystal satisfying closely or exactly
the Bragg condition concerning a set of lattice
planes with the reciprocal lattice vector h. The wave
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function y(r), which represents the magnitude of
electric displacement D due to the X.ray wave in
the crystal, can be expressed as

w(r)=wyo(r)exp(—2miky-r)
+ yn(r)exp(—2miky-r), 1)

where the first term on the right-hand side repre-
sents the incident wave in the crystal and the second
the Bragg-reflected wave, ko and kn being their
wave vectors connected by

kn=rko+h, (2)

and yo(r), yn(r) their complex amplitudes which
are slowly varying functions of position expres-
sing all the variations of the two waves. In the
Ewald-Laue theory variation of each of these two
waves are given by a sum of two Bloch waves which
are the functions of type (1) with constant ampli-
tudes yo and yp. The superposition of two Bloch
waves with slightly different wave vectors kg gives
rise to amplitude modulation of both incident and
diffracted waves known as Pendellosung effect. In
distorted crystals, however, the modulation of the
amplitudes is much more complicated and the wave
in the crystal is expressed by a single function (1)
with slowly varying amplitudes yo(r) and yn(r).

The differential equations governing the varia-
tion of yo(r) and yn(r) have been obtained in [1],
[2]. They are written as
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(Egs. (42) of Ref. [2]). Here s9 and sy are the oblique
coordinates parallel to ko and ky, respectively, C is
the polarization factor and fn the parameter de-
scribing the variation from the Bragg condition
given by

Bn = (| kn| — W)/
where £ is the mean wave number in the crystal.
yn' is given by

an' = ynexp(2zi(h-u)), 4)
where u(r) is the displacement of the atom at the

position r, and yn the Fourier coefficient of y(r).
The polarizability of the crystal is given by

e2 )2

Tmc2

x(r)=— n(r), (5)
n(r) being the electron density at r, other notations
having their usual meaning. It must be emphasized
here that k in (2) is not the “local reciprocal lattice
vector”,

0
h'=h— o (h-u),

on which most of the theoretical treatment of [2]
was based, but it is in fact the reciprocal lattice
vector of the perfect part of the crystal being con-
sidered as constant all over the crystal. In (3) the
coefficients 5, and y;, are functions of position and
P is constant. In a similar set of equations ((40) of
Ref. [2]) y_p and y;, are replaced by y—n and yn
(constants) and fn by fn’ (a function of position).
Hereafter the wave vector kg is taken as satisfying
the Bragg condition exactly so that the value of Bn
is always zero, kp satisfying (2). This can be done
since the effect caused by adoption of different ko
and kn can be compensated by proper choice of
the functions yo(r) and yn(r).

Differentiation of the first of the Eq. (3) with
Pn =0 with respect to sp and utilization of both of
(3) gives

621/)0

m (807 Sh) + n2K2(C? X-h xhwo(so’ Sh)

. )
== —ZnKCx_ha—sh
cexp(—i2mh-u(so, sn)yYn(so, Sn)- (6)

Application of Riemann’s method to (6), the right-
hand side being considered as a function of sy and
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Sh, gives

0
Yo(s0, sn) = Yoy (S0, sn) + // =
ésh
v

-exp(—i2mh-u(so, sn))

‘[—iwKC y-nv(s0, $n; So’s $n’)]
av’ .
sin26 ’ @
where () (so, sn) is the solution for a perfect crys-

tal, given by

“yn(so’, sn’)

Y (s0, sn) = Do (S0, Sn)
A
a ’ !
| s v (S0, Sn3 So’, Sn’)
B
N 163
@0 (80 5 Sh ) sin263 df (8)

Here @q(so, sn) is the complex amplitude of the
incident wave, which is expressed as

Y(r)=®y(r)exp(—i2aky-T), 9)
ko being the wave vector in the crystal appearing
in (2), instead of the usual expression

Y(r)=Yo(r)exp(—i2nK-r)
with the wave vector in vacuum, K, so that

Do(r) =Yy (r)exp(—i2n[K — ko] T).

The double integral in (7) is over the inverted Borr-
mann triangle PAB shown in Fig. 1,
dV’' =sin20p - dsg’ dsp’

being the surface element in (so’, sn’) space. The
single integral in (8) is over the portion BA of the

am

P s
So h

Fig. 1. The “inverted Borrmann triangle” PAB. Wave
vectors K, ko, kn and coordinates g, sp are also shown.
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entrance surface which may be curved as shown in
the Figure, & being the curved coordinate along the
surface, yo (&) the cosine of the angle between the
surface normal and ko, and p the Bragg angle.
v(S0, Sh; So’, sn’) in (7) and (8) is the Riemann func-
tion for a perfect crystal at (so’, sn") associated with
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been shown by the present author and by Authier
and Simon [5]. From (10) Ov/0sy’ is obtained as

0
ash
=FQ2aKC)y-nyn(so— o) (sn — sn'))

, v(80, Sh3 S0, sn')

the point (sg, sp) given by 2K C y-nyn(so— so'), (11)
v(S0, Sn; So’, Sn') (10)  where
=Jo@aKCY g-nxn(s0 — s0') (s — sn)), F (x) = J1(x)/(x[2) (12)
where J is the Bessel function of order 0. This has  J;(2) being the Bessel function of order 1.
Equation similar to (6) and (7) can be obtained for yn, namely
azlph s a o
(50, 8n) + 2 K202 g ynyn (S0, sn) = — 1w KO yn——exp (¢ 2mwh-u(so,sn)) wo(so,sn) (13)
680 as 0sg
and
¥n (s0.5n) = p{(s0, sn) + f/ ——exp(12mh-u(sy, sp’))
av’ ,
[-—anth’U(S'o,Sh,So,Sh )]1/)0(80 Sh)SIHQOB (14)
with
(9 (s0, sn) = [[— i KC ynv(s0,sn; so’s sn') Polso’, sn’)]- y"@———dg (15)
Y (S0, Sh Xh 0,5n; So’s Sh 0(S0 » Sh Sln2913 s \
where v(sg, sn; So’, sn’) is also given by (10).
If wave functions
®0(s0, sn; So’, sn’) and  @n(so, sn; So’, sn')
defined by
@0(30, 83 80’ $n') = O (sn — sn') — F (2K C')Y g—n gn(s0 — 50') (sn — sn’))
'nzKZCZX_hXh(SO —so’)/Ksin203 (16)
for so = s¢” and sy = sn’, and else zero, and by
@n(s0, 8n; 80’y 8n') = — 17K C yn Jo(2wK C')/ y-n xn (S0 — 80’) (sn — sn’)) 1/K sin 20 (17)
for sp = s’ and sy =sp’ and else zero are introduced, (7), (14), (8) and (15) can be written as
vo(80, sn) = 9§ (0, sn) + _” P_p(so’, sn") 9-n (50, Sn; 80’5 8n') yn(so’, sn') AV, (18)
¥n(s0, sn) = ¥ (s0, sn) + ”Ph(é‘o »8n') @n (S0, Sn; So’, $n’) Yo (so”, sn') AV, (19)
e (s0, sn) = _f% (S0, 8n; 80", 8n") Do (80, sn’) K yo(£)dE, (20)
Y (so, sn) = fqﬁh(sm sn; 80’y sn') DPo(so’, sn') K yo(§)dE, (21)
B
where . (22)
P_y(so’,sn') =K P exp(—e2xhu(sy’,sp")) = — z‘27zK*a; S (h-u(so',sn')) exp(—i2ah-u(so’,sn’))
h h
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and
0

Pn(so’, sn') = K a5y

463

o
exp(i2zh-u(so’,sn')) =i2aK— (h-u(so’,sn’))-exp(¢2mh-u(so’,sn")) (23)

aSOI

are probability amplitudes of scattering from the transmitted wave (o-wave) to the diffracted wave
(h-wave) and from the o-wave to the h-wave, respectively.

The set of Eqgs. (18) and (19) is not the solution to the Egs. (6) and (13) or of the original equations
(3), since the integrals include the wave functions o and yn themselves. Ttis a set of integral equations
which is equivalent to the set of differential equations (3) and can be solved by successive approxi-

mation. The solutions are given by

Yo (50, 8n) = (s0, sn) + [ P-n(s0’, sn") p-n(s0, sn; So’s sn') $i2 (o', sn’) AV’
v

+ [[[] P-n(s0', sn') @-n(s0, sn; 50, sn”) Pn(so”, sn”") gn(so’, sn’s 0", sn”")
vV

. WSO)(SOH, Shu)dV/dV,, A e

(24)

and by a similar expression for yn(so, sn), where ("’ and y, are given by (8) and (15), respectively.

Results and Discussion

The meaning of the integral equations (18) and
(19) is as follows. »{?(r) and % (r), given by (20)
and (21), are the solutions for the perfect crystal
to the Equations (3) by the method of Riemann [2].
For the o-wave, the wave @o(so, sn; So’, Sn’) as
given by (16) is generated at every point (so’, sn’)
on the entrance surface exposed to the incident
wave, and for the h-wave, gn(so, sn; S0, sn’) given
by (17). All the effects of subsequent repeated Bragg
reflections which the waves will suffer during their
passage through the crystal are included in the
functional form of ¢ and ¢n. Thus when the en-
trance surface is plane and the incident wave is also
plane, the integrals in (20) and (21) give the char-
acteristic amplitude variation of transmitted and
diffracted waves giving rise to equal-thickness
fringes. This has been shown by Authier and Simon
[56]. When the incident wave is very narrow so that
Dy (r) in (20) and (21) can be approximated by the
d-function, the integrals in these equations give just
@0(S0, 8n; So’, sn’) and @n(so, sn; o, sn’) themselves
with appropriate constant factors. This result gives
the same amplitude modulation as that of Kato’s
hyperbolic fringes in the case of spherical wave in-
cidence, since this wave satisfies the Bragg condi-
tion only at points in a very narrow range on the
surface, and outside this range the phase of @
oscillates so rapidly that it does not contribute ap-
preciably to the integral. The value of

Jo(2KC)y-nyn(so — s0’) (sn — sn')),

the main factor of

@n (S0, $n; So’s sn’) and  @-n (o, Sn; So’, $n'),

is shown in Fig. 2, which also shows that the wave
generated by scattering at a point Q(so’, sn’) spreads
only inside the Borrmann triangle QCD (Figure 3).
This is also the case for the wave @o(so, sn; o', sn’)-

The double integrals in (18) and (19) represent
the scattering from distorted parts of the crystal
where P_y and Py given by (22) and (23) are ap-

Fig. 2. Perspective drawing of the value of
Jo (2 nKC Vx—h Zh (80’ =S S()) (Sh —_Sh—/))

showing the value of ¢n generated at Q(so’, sn’). Broken
hyperbolae show the zero level.
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(a)

(b)

Fig. 3. Schematic illustration of the diffraction process
inside a distorted crystal, (a) for the o-wave and (b) for the
h-wave. The progression of waves generated at 0 on the
entrance surface and at Q in the distorted region is shown.

preciable. The scattering at a single point Q (so’, sn’)
from the o-wave to the h-wave is represented by
the wave function g@n(so, sn; so’, sn’), its amplitude
(including phase) being proportional to Pp(so’, sn’)
and to o (so’, sn’), which is a resultant wave func-
tion of the o-wave composed of () generated at
the surface and of o-waves generated by scattering
inside the inverted Borrmann triangle QEF (Fig-
ure 3). The scattered wave has an amplitude prop-
ortional to

2aK

;(h-u)

380

and an additional phase factor exp(i2sh - u) due
to the displacement of atoms at and in the close
vicinity of Q(so’, sn’).

As in the case of {?, the effect of subsequent
Bragg reflections is included in the form of
@n (S0, sn: So’, sn’) shown in Figure 2.
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